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QQ ' Abstract 

I For the plane symmetry we have found the electro-vacuum exact 

I solutions of the Einstein-Maxwell equations and we have shown that 

I one of them is equivalent to the McVittie solution of a charged infinite 

I thin plane. The analytical extension has been accomplished and the 

Penrose conformal diagram has been obtained as well. 



o 

u '. 1 Introduction 

Symmetries and Killing vectors play an important role in exact solutions, 
KJi \ especially in the electro vacuum ones e.g. Q. A general plane symmetric 

^ • metrics in cylindrical coordinates is taken as a seed solution 

dsl^^ = -e^-(^''Ut^ + Y{t, zf (dp" + p'd<l?) + e'^^'''Uz\ (1) 

where v^t, z), Y{t, z) and A(t, z) are arbitrary functions of coordinates t and 
z. 

The generating conjecture, formulated in 0, Q, [^, is applied to az- 
imuthal ^ Killing vector belonging to rotation in planes of symmetry. Com- 
ponents of this Killing vector are 

Cadx" = p^Y{t, zfd4>. (2) 

Expected form of "charged" metrics is again the general plane symmetric 
metrics 
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where a{t,z), (3{t,z) and 'y{t,z) are functions different from (|T]) and they 
win be evaluated out of the Einstein-Maxwell equations. According to the 
conjecture we can form an electro-magnetic potential from Killing vector 

A^ = kp''Y{t,zf. (4) 

2 Calculations 

If we use the electro-magnetic potential (^) for purely electro-magnetic 
energy-momentum tensor, two Einstein equations {t, p) and (p, z) for the 
space-time (P) are 

k'^p^Y{t,zf^^^e-^P^'^'^ = 0. (6) 
oz 

These lead to the restrictions on function Y{t,z) in seed metric (0) 

dY{t,z) _ dY{t,z) _ 
dt ' dz 

Then the Maxwell equations for (|3|) are automatically satisfied, the 
nonzero covariant and contravariant components of the Maxwell electro- 
magnetic tensor are 

Fp^ = -2kpY\ (8) 
Fp4> = _^^y2g-4/3(M). (9) 

There are other four non-trivial Einstein equations (i, t), (t, z), {p, p) and 
(z, z) with unknown functions a(t, z), z) and 7(t, z) to be solved 

-fitz-Mz + Ptaz + ltPz = 0, (11) 
e-'" (itat - itt - Pt - 7' - Ptt + at^t - jt^t) + (12) 

+e-'^ {l3zz + a./3. + Pz " 7./?. + " 7.«. + = 4A;2y4e-4/3^ 

-2e2(^-")(aiA-2At-3/32)-2a,/3,-/32 = Ak^Y'^e^^-^S) 

where subscript denotes partial derivation. 

Now we are trying to solve these equations with the assumption that 
P{t, z) is a function of coordinate z only. Consequently equations ( |TT|) and 
([l3|) lead to independence of functions a{t, z) and 7(t, z) on coordinate t. 



2 



Therefore all unknown functions a, /3 and 7 now depend on coordinate z 
only. We should solve two Einstein equations (t, t) ([lO|) and (z, z) (|l3|) 

3/32 + 2/3,, - 2/5,7, = -4A;2y4e27-4/3^ (^4) 
/32 + 2a,/3, = -4A:2y4e2^-^^. (15) 

From (^) we evaluate 7(2) which is subsequently put into (|14|) then we 
get only one equation for two unknown functions a{z) and /3(z) 

oi^^zz - azzPz = Pi + ^a,0l + 2al(5,. (16) 
We can choose one arbitrary function /(-z), let us choose it in the form 

We obtain the functions a{z) and /3(z) 

a{z) = i(ln(/(z))+ln(/(z)+2)-21n(/(z) + l)+ln(Ci)), (18) 

Piz) = ln(/(z) + l)-ln(/(z) + 2) + iln(C2), (19) 

where Ci and C2 are integration constants. Next, the new metrics compo- 
nents for the solution (^) can be computed 

4FF-'/(z) (/(») + 2f 

where /(z) is an arbitrary function and Ci and C2 are arbitrary constants. 
The metric tensor must satisfy Hilbert conditions which lead to inequalities 

Ci < 0, C2 > 0, f{z) {f{z) + 2) < 0. (24) 

Now we are looking at simplifying resulting metrics tensor using con- 
stants substitutions and coordinate transformations 

Ci = -cl (25) 
C2 = cl (26) 
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P = C2P, (28) 
t = Cli, (29) 

f-1 = /(^), (30) 



where striped coordinates denote the new ones. The transformation ( pO| ) is 
formally equivalent to the choice of function f{z) as 

f{z) = I - 1. (31) 

Thus, from the metric tensor we have removed the arbitrary function f{z) 
which can be interpreted as an arbitrary transformation in coordinate z. 
The resulting form of the metric tensor is 

ds^ = _ (fe-^)(fc + ^) ^^2^[^ (dp'^+p2d4>A+ i! dz^ 



z2 ' yk + zj ' ^ J ' ^k- Z){k + Z)^ 

(32) 

where we have abandoned the strips and the Hilbert conditions give 

\z\ <k, z / 0. (33) 

Moreover, we can look for solutions beyond Hilbert conditions. They 
can be gained from Einstein equations (|To|), (11), (12) and (|l^) with the 
assumption that (3{t,z) is function only of coordinate t. Then equations ( p!o| ) 
and ([rT[) lead to independence of functions a{t, z) and 7(t, z) on coordinate 
z. So all unknown functions a(t), (5{t) and 7(t) depend only on coordinate 
t now. The resulting metric tensor has the form 

*^ - + (^)' (V + /rf.'^) + 

(34) 

Corresponding Hilbert conditions for this solution are 

|t| > k. (35) 



The solution ( |34| ) can be obtained directly from the solution ( 32 ) exchanging 
coordinates t and z. 



3 Properties of the solutions 



Let us explore some properties of the solutions (32) and (| 
(32) is singular at z ^ ibA;,0. Singularities at z 



now. Metrics 
zb/c are only coordinate 
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ones, there exist horizons. On the other hand, z ^ is a real physical sin- 
gularity, and scalar invariants of the Riemann tensor diverge here as shown 



Tjabcd n 



The electro-magnetic potential in solution (|32| ) is 



A, 
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The components of Maxwell electro-magnetic tensor are 

Fp<l> = -kp, 

k{k + z)^ 



pp<t> 



(36) 

(37) 

(38) 
(39) 



We can write down three usual dimensional components of the Maxwell 
tensor as 



E 
B 



[0,0,0], 
0,0, -A; 



k + z 



(40) 
(41) 



In this solution there exists only a magnetic field. The magnetic field B is 
shown in Fig. |^ (where k = \). 

It is also possible to evaluate geodesic trajectories of motion when testing 
particles are fixed in t,z plane. The null geodesic lines are given explicitly 

by 



k + z 



k — z 



+ 



2/c + 3z 
Aik + zf' 



(42) 



where C is an integration constant. Such geodesic lines are shown in Fig. ^. 
The motion of the charged test particles in the t,z plane is given by 

2kHz , 
t^^. — = 0, (43) 



z + 



z (z^ — k"^) 
k^z + k)^{z^-k^)P {{z - k)^ + z^) 



0. 



(44) 



z^ z {z^ — k"^) 

The dots denote differentiation with respect to an affinne parameter. It is 
clear that the central singular plane acts as a source of repulsive power. 



4 Analytical extension 

Let us consider a static plane-symmetric solution as appears in (with null 
cosmological constant) 



(aG-^ + bG-^'^)dt'-G[dx^ + dy^)-^(a + bG^I^) ^ dz\ (45) 
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Figure 1: Magnetic field 
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Figure 2: Null geodesic lines 
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Where G is an arbitrary function of coordinate z, a prime denotes differen- 
tiation with respect to z, a and h are constants and a is the charge per unit 
area. When we use the transformations 



or analogous ones 



a 
b 

2 



a 



a + 6VC2, 
2a + b^, 



— C1C2, 
C1C2 



(46) 
(47) 

(48) 
(49) 

(50) 



our solution (12 

, 2 



(23) turns to be identical with the McVittie ( ^5| ) with 
C2 {j^y = G{z). The McVittie solution § is thus generated by the 
Killing d/d(j) vector from the seed metric (|l]). 

Let us connect both (^) and (|3^ ) solutions together through the horizons 
z = zizk. We will use retarded and advanced null geodesic coordinates v and 
w like this 



V = 



w = 



k + z 



t 



8k 



■In 



k — z 
k + z 



+ 



k 



2k + 3z 
4(fc + z)2' 

2k + 3z 
4{k + z)^' 



(51) 
(52) 



After transformation of the metric tensor from the cartesian coordinate cou- 
ple z, t to the null one v, w we get 



{k - z){k + z) 



dvdw + 



k + z 



(dp'^ + p^L 



(53) 



Exponential transformation is used here (which doubles the regions as in 
Kruskal analytical extension of Schwarzchild solution [Q] and leaves the co- 
ordinates null) 



v'{v) 
w'{w) 



Akv 



-Akw 



(54) 
(55) 



Now again, we diagonalize the metric by using the new cartesian coordinate 
couple x', t' 



t' + x', 
t' - x'. 



(56) 
(57) 
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Figure 3: Analytical extension 



This leads to the metrics tensor 

2^ 2k+3z 

= "'S.r' (^^^ - *'^) + (^) (V + . (58) 

where z, which is z in (|32| ) for |z| < and t in ( |3^ for \z\ > k, is given 
implicitly by the equation 

-t'2 + 2;'2 = ^ e (^+^. 59 

A; — z 

At first sight there are no sign changes between z < \k\ and z > the 
Hilbert conditions are always satisfied for all values of x', t'. The resulting 
space-time contains every original region I: \z\ < k, II: z < —k, and III: z > k 
twice as shown in Fig. ^. Furthermore, in (|58|) there are still singularities at 
z = 0, —k but no more ai z = k. Lines with constant z form over t' , x' plane 
a hyperbolic paraboloid and lines with constant t form lines t' = const ■ x' 
as shown in Fig. ^. Singular points z = —k,0,k,±oo are represented by 
values 0, e^, ±cx), —1 of —t'"^ + x'^, the apparent singularity z = k is moved 
to infinity in these coordinates. 

Null geodesic lines in x',t' are straight lines 



±t' = x' + const, 



(60) 




Figure 5: Null geodesic lines 
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Figure 6: Penrose diagram 



as displayed by dashed lines in Fig. ^. 

The transformation to the Penrose conformal diagram is done by these 
transformations (again leave null coordinates) 



v" = arctan ^v'j , (61) 
w" = arctan (^e~'^w'^ . (62) 

New null coordinates v",w" are limited by 

-l< v" <l, (63) 
-l< ^" <f, (64) 

so the infinity has been conformaly moved to finite distance. Now it is 
possible to draw the Penrose diagram (Fig. ^). 

Here are marked geodesic future and past null future and past 

S^, S- and the time-like infinity io- For the physical singularity z = is 

v" -w" = ±^ (65) 

and both are time-like, so it is possible for an observer to avoid falling in it. 
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5 Conclusion 



We have found two electro-vacuum plane symmetric exact solutions of the 
Einstein-Maxwell equations using the generating conjecture and the Killing 
vector djd^ of the plane symmetric vacuum seed metric. We have shown 
that one of them is equivalent to the McVittic solution of a charged infi- 
nite thin plane. We also carried out analytical extension of coordinates, 
which can cover both found solutions with only one coordinate chart. The 
corresponding Penrose conformal diagram has been obtained as well. 
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